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I
.

Poisson and birth processes
1
.

I
. Poisson process

Ra # Geiger
-* counter

Nlt )

Det
.

A Poisson process with intensity (or rate) X
is a random process N

- (Nlt) : too ) taking
values in 10,1 , 2 , . . . . g such that

(a) NCO) -- O
,
Nls) I NIH if set;

(b) PIN ltthtntml Nlt) - n) = {that,
01h ) 1mm ; f}

I -tht och) (m -- O)

k) if set
,
then NlH is independent of NII

events in Git] events in A. s]

Existence : later

Thm
.

Nlt) has Poisson At) distribution :

PlNHI -- n ) = ant?
"

e
- ht

.

H,
-

Pn It)
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Proof
.

n-m arrivals in It
,
teh)
-

Pn H th) =P (Nlt tht -- n) = E. PIN Hthtnl NHK m )
Pl NHI - m)

we'll be more careful
= INNITHh- 1) Ah toCh ) )

about the infinite sum t PIN It) -- n) ( I - Xhtolhl)in the general setting
(Section 2) -• t 01h)

= pn-iltllhtp.lt/ll-kh/
to Ch )

⇒ pnltthlh- Pritt) = pm, Itil - pnltlx toll )

⇒ pi HI -- Npn .. HI - pnltl) it n 't
. µ,

Po
'
HI = - Xp. It )

Together with Pnl07=8no the system has a

unique solution .

Method A : Induction

Po
'
= - tpo , polo) -- I # pdt) -- e

-Xt ⇒ It' with n-0

Assume ft) holds for some n
.
Then

2



Pni , = - Xlpnt , - Ant ?
"

e
- tt )

,
pm ,
lol = O
-

Pritt)

has unique solution pm ,
IH -- Tnt? e

-H
.

Method B : Generating function .

Let Gls , t ) -
- II pnlttsn = Els " 't' )

,

SECO
.
D

.

⇒ It GG.tl -- II. Pitt) s' = Npn. . HI -piths
"

= XSGG.tl - XGIS.tt

G- (s , O) = I

⇒ Gls ,t) = e
- H -sit

-

- n.IO#?e-tt)sn . y
-

Pritt )

Let To
,
I
,
. . .

be the arrival times

To -- O
,

Tn = int ft : Nlt) -- n I
•

s NHI Ttypo corrected

• o

2- • o

l - • O

oto-uott.eu ,#z f,
K t
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The inter arrival times are defined as

Un = Tnt , - Tn

⇒ Tn = Ej Ui
,

Nlt) = max Ln : Tn Etf .

Prop .

The Uo
,
U
.
.
. ..
are independent and each

have Exp distribution .

Proof
.

Pl Uo s t ) = PlNHK O) = e
- tt

⇒ Uo n Expat)
⇒ MU, s t l Uo -- to) = Pl N Hott ) - N Ito) = O )
-

NIto t . ) again Poisson
- N Ito) process

=

e
- it ⇒ U

,
n ExpN
U, I Uo

The general case follows analogously by induction
Exercise

.

Let Uo
,
U

.
.
. . .

be ii. d
. Expo) . Then

Tn = Ej Ui
,

Nlt) = max Ln : Tn Etf
defines a Poisson process of intensity h .
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Exercise
. Tn is a TH , n ) random variable

.

⇒ PlNHI -- n ) =PCtn et t Tm . ) - 4h47 e- it
.

Prop .

The distribution of IT. . . . . ,Tn ) conditional
on Nlt) -- n is the same as the order statistics
of n uniform Lo

,
t) random variables

.

Proof
. By rescaling , W LOG, t-- I .

U- Ho
,
. ..

.
Un - i ) has density function

Huk in exp f - II
'

ai) , uelo.nl
"

.

F- IT
, . . . . , Tn ) has density function

g Itt
-
- th exp I

- X tn ) 1 LO et , e - - -
- tn !

For any AER
"

,
thus

PCTEA IN Clkn ) = Pl
NHI =D

,
TEA)

PINCH = n )

PINCH -- n
,
TEA) = f. PINCH --h l T -- t) gLt) dt-

PINCH = ht Tn -- tn)
= IP ( Un > I - t n) Itn e- I

= e
- X l l - th ) I th E I
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⇒ BITEA INCH -- n ) = Hn ex f. e
-Mtn) 1Lost, --still

the-ttn

= n ! f, 110 et , e
- - - e th Ill

.

Exercise
.

The last RHS is the density function of
the order statistics of n ii.d

.

uniform 10,13 Ill
.

1.2
.
Birth processes

Det
.

A birth process with intensities for rates) Xn
is a random process N

- (Nlt) : too ) taking
values in EO

,
1,2 , . . . . g such that

Cal Nls) I NIH it set;

(b) PIN Itth) -- html Nlt) - n) = {dnhtolhl (m =D
och) ( m > D
l -Xnhtolh) (m -- O)

k) if set
,
then NIH -Nls) is independent of Nls)

Examples . Ci) Poisson process : kn
-

- X Hn
.

liil Simple birth : kn -- nil

6



Motivation : NIH individuals each give birth at
rate h

.

⇒ Pf#births in It,tth) =m l NIH -- n )
= inn) Hh to1hDm ( I - tht och 1)

n -m

t- nth toth ) (m -- O)
= / nth to Ch) ( m -- II

01h) Im > 1)
liiil Simple birth with immigration : kn --nil to
Let Tn be the time of the n-th arrival .

Ta - Ling Tn E Io, ta)

Det
.

The process N is non -explosive (or honest) if
IPC Ta -- ta ) -- l .

Thm
.

For a birth process with rates in
> O
,

PlTa = ta ) =/ I if IIIT = +as
0 if Io In e a .

A

Thus it is non -explosive iff E In = tan-0

7



Proof
.

lil Assume Ext Ed .

⇒ Eta = ElEI Ui ) =
, Emily Eto ÷. ear .

Ui n ExpHi)
(analogous to Poisson

process) .
⇒ pea -- ton ) - O

Iii ) Assume 2-In=D .

Define e
-Ton

-

- Ling e
-Tn

e lo , I]
.

⇒ Ele-ta) = Eino e- Ui )
him
.
Eiko e-Ui)

monotonicity a
1

independence
link t.IE#i)--tIoi+* ..

It Yxi

Since t.IO ( I t.fi ) 2 It III. (using his o ki )
⇒ Ele

-Tn) = O
→a

⇒ Pl Ta -- ta ) =p ( e-Ta = O) = I (since e-Tazof
8



Let pn.mn - PCXHKMIXIOI --n ) .

Prop .

For men
, pmmltl

-

- O
,

and for men
,

Pn,mlH satisfies the following systems of ODES :

(forward) pnimltt -- xm-ipn.my HI- Xmpmmlt)
(backward) prime) - Xnpnt , ,m It) - Xnpnmltl .
Sketch

.

For (forward)
,
start from

pn.mtttht-E.MX#--klXlOI--nllPCXltthI--mlXftH4---
Pmktt) Pam th)

= Item ( l-Xmh)
+ Item-1km-th
+ och)

⇒ ph.in#=hmpn.mlH-Xm-iPn.m-iltl .

For (backward ) , start from

pn.mltthl-EPIXlht-klxlot.rs/lPCXItthl--mlXChH4-Pn.klh1Pismlt)
= Inn ( l - tnh )
+ tent , tnhtolh )

9



and proceed analogously . I

-1hm
.

(forward ) has a unique solution which
satisfies (backward)

.

Proof
.

Existence and uniqueness to (forward)
can be shown by induction :
me n : Pnm Itt -- O

m -- n : Pn in It) = - in Pn
,
nlt)
, Pan 101=1

⇒ Pan IH = e
-tnt

By induction, it the unique solution for pn ,m ft )when m -- ntk
,
substitute it into (forward)

for m-- ntktl to see that there is also a

unique solution for m -- htkt !

Alternatively , we could have studied the
Laplace transform

Emm IO) -- Ie- ftp.mltldt .
(forward) pm'm Itt -- Xm- i pn.my HI- Xm Pn ,m It)
⇒ fine-ftp.imlt/dt--Xm-ipn.m-iHI-hmPn.mlOTO-pn.mlt) - Pam 10)

10



⇐ ( OtXm) Fn
,m
tf) = Sn

,m
t Xm- i Emm - i tf)

⇐i Emm HH f
'

II
m
FILM

..

- - - - -

o
'

tan
' Im> n)

In principle , pn
,
m
It) can now be recovered by

inverse Laplace transform .

Let Tin,m It be a solution to (backward)
In

,m
Itt -- Ie- ftp.mltldt

⇒ (Otta ) In
,m
lot = Sn

,m
t kn Inti

,m
IO)

.

Now note that pun
,m
satisfies this equation .

Inverting Laplace transforms, it follows that
pn , m satisfies lbackward) . -

Remark
. Uniqueness to (backward) may fail

when there is explosion .

It is always true (without proof) that
Pnm Itt E Tin ,m It )
for p the unique solution to forward) and
it any solution to (backward).

11



Now when Em pas,m It I =/ this implies p -- IT .
However

, Im Pnm Hk l is a possibility that
corresponds to explosion (PlTa-- a) e t )

.

See section 2.5 for more details
.

12



2.com/-inuous-timeMarkovproasses-
From now on :

• I denotes a countable (or finite ) state space ;
• Id , F, IP ) is the probability space on which
all relevant random variables are defined .

2. I
. Right - continuity and Markov property

Deth X -- Nlt ) : t 201 is a (right - continuous)
random process with values in I if

(a) for every t 20 , Xlt) is a random variable
Xlt) --Xlt ,w)

,

wth
,
with values in I'

(b) for every wth , t
ti Xlt, w) is right- continuous:

Hw Ht F E : Xlt,w) -- XIs, w) for teSette .

• o

• 0

Example .

In the construction as
NIH = max {n : Tn Etl

the Poisson process is right -continuous .

13



Fact
.

(without proof) . A right-continuous random
process is determined by its finite -dimensional
distributions :

Pl XAoki, . . . . , XHnk in) , n20, t.IO, ik C-I .

For a right-continuous random process, we can
define as before the jump times
To = O

,
Tnt , = int ft ith : Xlt I FXITNH

and the holding times
Un = Tnt , - Tn if Tn Td

+ as if Tn= -10 .

By right- continuity , Un > 0 almost surely , but
a process might explode. The explosion time is
Ta = snap Tn

= ? Un t 10, to]

Defn
.

A random process is minimal if

Xlt ) = in for t >Tan

for some in EI ( that we may adjoin to It .

14



• in
÷

←o.NO
• O

• O

O

Tas

Deth
.

A random process X has the Markov

property land is then called a Markov process)
it
plxttnl - in 1 Xlt ,Kii . . . . , X Itn -D= in - D
= PlxttnHin l X Hn-it = in - i )

for all in . . .

,
in c- I and t , e - - - - e tis .

Rk
.

For any hso, Yu
-

- Xlhn) defines a discrete -
time Markov process .

Det
.

The transition probabilities are

Pij Cst ) = IP (Xltkj I XCski) , set, i.jet .
A Markov process is homogeneous it
pijls.tl = Pij lo, t -s ) and we then write pij It-s) .

Also write : Pi -- Pl - HlOki) and Ei--Etl XlOki ) .
15



From now on
,
all Markov processes will be

homogeneous and as in the case of discrete -
time Markov chain is then characterised by
• its initial distribution ki -- PlXlof it

,
it I

.

• its transition matrix Pct) -- lpijlthi.ie I .

Thm
.

(Mt) : t IO) is a Markov semigroup :
Cal Plot -- I C identity)
(b) PHI is a stochastic matrix : pittho, ¥, PijHH .

Kl Pitts) = PHI Pls)
,
t
,
s? O

Chapman - Kolmogorov equations .

Proof
.
Identical to the discrete- time setting . E.g . k)

Pij Hts) = MXHtskj I Hoti)
= ? Plxlttsty

'

l X¥i
,
Htt-k) x

T
Markov MXItt --KI XI = i)
property = ¥ Raj ( s) Pitt ) /

16



2. 2
.
Construction of Markov processes

Defn
.

Q -- Cgi;) i.jet is called a Q
- matrix if

Cal O E - gii car for all i;
(b) a > ai; 20 for all it jj
Kl E±9i; - O for all i

.

• ,
← typo corrected

write gi '= 9 ii
= -

¥i9ij .

Example Let xe RI
.

Then

OHi = ¥±9i; Hi - Xi) .

Deth
.

Let Q be a Q-matrix . Then IT-- Hii) i. jet
where f missing

in video

ti ; =/ 9i÷g1i*i
Hito)

Iii (9i= O)

is called the jump matrix associated with Q .

Note that IT is a stochastic matrix
.

17



Deth
.

Let Q be a Q-matrix . Then a (minimal)
random process X is a Markov process with
generator Q if

(a) Yn :
-

- Xth) is a discrete - time Markov chain
with transition matrix IT

(b) conditional on Yo
,
. ...
Yn
,
the holding time

Un = Tnn - Tn is independent with
Un N Explain ) .

We write Xv Markova
,
Q) it XIOINX

.

Example .

Birth processes are Markova ,Q) with
E- IN and

9 ij = di tisin (jti )

⇒ Ti;
= 1j= it , ⇒ Yn = Yo th

-1hm
.

Let X be Markova
,
Q)

.

Then X has the
Markov properly .

The proof requires measure theory to Norris ,
section 6.5 )

.

18



The ingredients are :

• The Markov property l discrete-time) for the
jump chain Y

° The memoryless property of the exponential
distribution :

Pl E s t -is I Ess) = ME>t) Hs
,
t IO

iff E n Expby for some 120 .

Example . (Poisson process) . I =D, q; =Hj = in .

Condition on XGI -- m and IH ) -- XI SHI -Hs)
we will show that IT is again a Poisson
process independent of CX It ) : test and thus
the Markov property holds .

Indeed
,

.

{Xs --m) = L Tm E S T Tmti I
= I Tm Est n L Um > s - Tm )

The interarrival times for IT are
Uno = Um- Cs - Tm)
In = Untm

19



To =
Um - (s- Tm)
f i

< it

?
"
unit?
= UN,

Tm! , tm 's tmt , tmtz tints

condition on IT
.
. . .

,
Tm and HlsKmt . Then

Ian) are ii.d Expat ¥ In) are ii.d Expat
memoryless properly

and independent
for Uno Ot Uo

.
. . . .
Um. . .

Condition only on Lxlskml . Then (Th) are still
Expat and independent of Uo, . . ., Um-i .
Thus conditional on {Xlstml

,

XTH = max Ln : Tn Itt
is again a Poisson process independent of
Nlt) : test .

20



Detn
.

A random variable T with values in
to
,
this is a stopping time for X if
IT Etf depends only on Hls) : SETI .

-1hm
. (Strong Markov properly) . Let X be

Markova
,
Q1 and T a stopping time for X .

Then conditional on Titan and X ITI - i
the process I

= Httt ) : t 201 is Markov D;
,
Q1

and independent of CXG) : SET) .
Constructions of a Markova,Q ) process :

construction 1
.

Start with

Hnl a discrete-time Markov chain with
transition propabilities IT, Yon X

(Enl ii.d . Exp 111
Then set Un = EnAyn

,
Tn = Ui

Nlt) = max Ln : Tn Etl
Xlt ) = YNHI

21



Construction 2
.

Start with

(En
,
i ) nzo.ie I ici.cl . Exp( t )

Yo N X
,
To --O

Inductively , given th ,Tn) define
Tnt , = Tn t Inf En . j

j# Yn 9Yn ,j
-

N Exp (94mi )
-

~ Expftp.yngyn.j/=Expl9Yn)Ynti=argminLj-tYn:gEfni
,
I it gyp o

Yun = Yn if gyu
-

- O
.

Exercise (Example sheet) . Let Ilk) be a sequence
of independent Explore) random variables ,
where Ot -29kt on

.

Then

Cal U = in Uk N Exp I -29k)
Ibl The infimum is attained at a unique k
almost surely , Rfk-44=914-29k .

lol U and k are independent .
22



Construction 3
.

Start with

( Nist it ; are independent Poisson processes
Nij = (Nii Ht : t 201 with rate gij

York

Then define inductively
Tnt , = intf t >Tn : Nynj Htt Nynj (Tn )

for some jet Yn ) .

Yun - j it Tnt , em and Nynj (Tn # NynjAnti)
= Yn it Tnt , =A .

23



2.3
. Explosion

For birth chains
, we characterised when

non - explosions happens .

In general , the next
theorem gives sufficient conditions .

Thm
.

Let X be Markova
,

Q) . Then PCIe att
if any of the following conditions holds :
Cal I is finite ;
(b) SEE Gi ed ;

Cd Xo-- i and i is recurrent for the jump
chain Y

.

Proof
.
(b) Assume sup gi - g to .

⇒ Un I Eng where IEn) are ii.d
. Exp111

By the strong law of large numbers CSLLN}
To = E! Un ' ti E! En - tin.# it Iii

'

En )
-

→ I a.S
.

= to a
.
S
.

24



lol Assume that Koki and that i is recurrent
for Y

.
Let Sn be the discrete time of the

n - th return of Y to i
.

By the SUN ,
Ta - E: Usn z tq. II Esn - ta a. s .

y

Example I --E 2
'"
2
'"

ai
,
in
-
- 9 i. it

= 2
' "

Aha

it : ÷ ,
⇒ Y is a symmetric SRW
⇒ Y is recurrent

⇒ no explosion

Example I-- Z dit z litt '

Ana

is : ÷ ,
⇒ Y is a biased random walk with

Pl Ynti - Yn = til = I = ( ziti in )
⇒ #Ta -- EEEUi ) -- E. #(Ei Uss

e.th visit toj
25



= ;?z¥zEVjIC¥. Ed .
-

IHIEJVJ
=ltEoVo -- C

f

⇒ PCIe -61=1
.

Yi's transient

⇒ explosion .

-

26



2.4
. Kolmogorov equation finite state space

Assume I is finite
.

Let M - fmij) i. jeI be a
matrix .

Then the matrix exponential is defined
by EM = II.otni.tt
Exercise

.
If M ,

and Mz are Ix I matrices that
commute

.
Then

eMitM2 = em eM2

Exercise
.

Plt) = etM is the unique solution to
P ' It) - M Plt)

,
PIO) = I

°"

pl ftI =PHIM
,

Plot = I
.

Prop .

M is a Q -matrix iff etM is a
stochastic matrix for all t 70

.

Proof
.

Assume etM is a stochastic matrix for
all t 20

.
Then

et M = It TM t Ott')

implies :

27



Using } letMi; =L ,
I = } let

M);
= } Si; t ? Mi; t t Ott ) , t→ O
-

.

⇒ je mi; = Oltl ⇒ F mi; = 0

Using letM ) is. I 0 ,
⇒ mi; 20 for it j
⇒ Mii = - Fai Mi j IO
⇒ M is a Q -matrix

.

Conversely , assume M is a Q -matrix
.
Then

} mij -- O
⇒ } (M

"

Ii
;
= §, l M

" ' lik Maj = O

⇒ } letMi; = } fine, t ! Mt; ) = I .

Finally , since etM -- leHHMlk, it suffices to
show that letMlij 20 for t small enough .

28



If mij SO for all itj , this follows from

etM = It t M t OHY .

In general , let Ji; = -Sijt IT . Then the above
applies to Mt8J and thus also

letthis. = jingle't¥1897 ,;
20

. /

-1hm
.

Assume I is finite . Let X be a random

process with values in I, and let Q be a
Q -matrix

.

Then equivalently :
Cal X is Markova, Q) .
(b) for all t

,
h 20
,
conditional on XHHi

,

Xlttht is independent of Hls) : SETI and
IPHH tht - j IXHHit fijtgijhtolh)

H X has the Markov property with transition
semigroup Pitt given by PHI -- et

Q :

IP lxttnkin I Xltn , Kin-i . . . . ., Xlt ,Hi, I
= pin . . in Hn

- tn-it
for all n ? O

,
tn ? - - -It

, , in . . . . in C- I
.

Proof Cal ⇒ lb)
.
The conditional independence

follows from the Markov property ti section 2.2) .
29



It suffices to consider t -- O
.

Pil Hhk i) I Pil T , > h ) = e
- ohh

= It giih to 1h)

Pi (Xlht -- j ) Z Pitt, eh , Tash , Yi =j )
(itif I Pict, eh , U, > h , Yi - j )

tu
.

"
I-T ,

= ( I - e
-

ai h ) e
-

9J h Fi;
=

9 i Tlij h t Oth)

÷
at Pi (Xlht -- j l ? Sijtgijh to 1h )
In fact

, using ? PilXlhtj f- I and Igi;
-

- O
,

and that I is finite ,
the

'Z' are actually I
'
:

¥, Bi lxlhkj ) I gih to 1h )
# Pi ( X (Heil - I - ¥, PilXlhtj ) E I -19iihtdh)
-

Analogously , 29in to 1h )

Pi (Xlhkj ) -- I - E
, ;
PilXIN --H

⇐ I - Eg. (Sik-19inch to 1h))
= Ej C-9ik h ) toCh )
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-

+ 9 ij h

⇒ Cbl holds
.

(b) ⇒ Cd
.

Pi; Lt th ) = ? Pik It ) Pk; th)
= I Pik It ) ( 8k; t 9k; h t 01h) )

⇒

pijltthlh
- Pii H)

= ? Pik LH 9k; t of "
uniform in t

Taking htO, we see that pi; is right -differentiable .
Replacing t by t- h ,
Pijltljpii It -ht = § pint - h ) gig toll )

⇒ Pij is left - continuous ( since the RHS is

⇒ Pij is left- differentiable
bounded)

together, pi; is differentiable and
Pij
'

( t ) = I Pik It19Kj , Pij 101=8ij .

31



¥ Nlt) = Plt) Q
,

KOKI

⇒ PHI -- etQ ( since I is finite)
.

Also
,
the conditional independence given by

(b) implies
MXHntinlxltn, tiny , . . . . . Htt - id
=p Hankin I Xltn -it- in-i )
= Pinyin Itn - tn-it .

(c)⇒ (al : later ( for countable I ) . /

Example .

Q -- (I 4.
'

g ) -- Ufo -2 -4) U"
-

⇒ eta.z.EE?..ufz:En?.yu-P
-

etD

-

- Uf ' e -zte.at ) U
"
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⇒ Pnltkatbetttce-4T

Pilot =L , p! 101--9,1=-2, PY, 107=194,1--8
fix a. b. c .
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2.5
. Kolmogorov equations countable state space

-1hm
.

Let I now be countable
.
Assume that

X is Markova
,
Q) with associated transition

semigroup (Ptt) : tzo) . Then
Cal (PHD is the minimal non- negative solution
to

Mtk QPIH
,
KOKI (backward)

(b) (PHD is the minimal non-negative solution
to

Mtl - RHQ
,
Pla -- I C forward)

In particular, solutions to both equations exist.

Rk
.

If X explodes , then XHK in for all t z Tas
and then

¥i
.
Pitt) t l

l l

F Pitt)

on the other hand , it X is non-explosive , then
} Pij htt =/ .
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Since P is also the minimal solution to
(forward) and Ibackward)

,
it is the actually

the unique solution to these equation .

Rk
.

If X is a minimal random process with
values in I (countable) that X satisfies the
Markov property and the associated transition
semigroup is the minimal solution to l backward)
or forward ) then X is Markova,Q ) .

This follows from the theorem and the fact
that the transition semigroup characterises the
finite - dimensional distributions Iexercise) .

Rk
.

It NOW X then Xlt) n Ntl where
Htt = XP It) satisfies

X
'

HI = Htt Q .

Proof
.

(a) We first show that P 'HI - QPtt) .

Pi; HI = Pilxttkjl - Ri CXHKJ . Ist )
To

fi; e
-9it 7- NAH , I It )
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Eti BiHHH
'

,
T
,
It
,
X IT,Hk)

= ¥
.

. 9¥. I gie-9is pie; It
-s) ds

⇒ pi; htt
-

- fi; e
-Tt Ift Iii gin pig.HI e- 9is ds
t

U

* edit Pij Itt = Si; t f Ea.9 ik Pk; Iu) e-19in du

This implies :
•

Pij Lt) is continuous int.FI#.9ikPkjlu) is a uniformly convergent sum
~ of continuous functions

,
so

± I also continuous
.

⇒ pi; is differentiable .

Thus the integral equation may be differentiated
and

lgipiiltltpijltl ) = EYE, i 9 ik Pk; Ht
⇐ Pitt) = ¥, igikpkj HI

-

9 i Ipijltl - I9ik Pkj It)
# P ' It) = QPtt)
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To see that P is the minimal solution to
(backward)

,
assume F is another @on -negative)

solution to (backward)

⇒ pig. HI = Sije-9 it t ft e-9is#igikpk; It-s) ds
We will show by induction that
Pi CX Itt -- j , te Tn ) ± FistH Hn .

Indeed :

A- I : Pi Htt) = 's
,
teT , ) - fi; e

- 9it V

nd htt : follows from

PilXltkj , tetra ,I = Si; e-9
it

+ tote-95¥
.
.

9in RdxIt-ski
,
t -seTn) ds

⇒

pijltf. Pil Xltkj , teTa)
X is minimal = Lima Di lxltkj , teTn) I fi; H)

⇒ P is minimal
.
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(b) To see that P also satisfies forward)
,
we

will proceed similarly .

pijltt-pilxltt-jl-n.IO/PiCXttI--j.TnEt--Tntdnf2lassumeajsothekmasinimqa.to/?f09smi1arfHHY=Ei---in?in.zPi(Tnitetnti
,
Yeti
,
. . .
. ,Yniim,Yn=j )

=i?.im/PilTnEteTntilYiiis-...,Yn.i-in.,,Yn=jlP(Yi-is....,Yn.iin.d9in-it
9in -i

lemma : 9inlPlTnItTTmlYo=io , . . . ,Yn - in )
Hime reversal)

= qiopltn-titm.IY.in . . . . > Yo - io)
*t.in?..in..9ijglPjfTnEtTTntilYi-im,....,Yn.i-inYn--i)
Markov prop . PLY,- in . . .,Yn im) 9in-' j

9in -i* ÷.in?g.Idsaie-9isPimlin::..t;nsIIiYiina ,
time reversal PLYi-in.ih.i-in.d9inq.in?
ti?.in?in..ftdsE9islPiltn-iIt-sTTnlYi-in....Yn.iim)= /

pcyiin.ih.i.int "nai
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Undoing the conditioning of Y, . . . . . Yn-a , and renaming
in. , to k ,

Kl = ? gig. ft ds e-9is PilXlt) -k, Tn . .It-seTn) .
⇒ pi; it Si; e-

9it tI! Ids ¥,BillAtkin-Et-set n)
Gaj e

-

g s

-
- Si; e

-9it + Ids ¥; pieHI 9.j e
-

95

U

= Si; e-9ft
t ft du ¥ ; pi. 1h19Kj e

- 9it-W

⇒ pij He
9it = Si;

t ft du ¥; Pi. I a) ok; e
9M

since edit pi; It) is increasing in t .
It; PisaIN 9Kj converges uniformly on Lo, t]

Since we already know from the study of the
backward equation that pi; Itt is continuous,it again follows that the integrand is continuous.
⇒ (Pis Itt -19 ; PittHeil ¥; Pitt ) gig

.e¥
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⇐ Pii l H = ¥; Pi. ltlokj
- 9; Pitt )

= TZ Pitt19Kj

⇐ Pitt) = PHI Q .

The proof that P is minimal among solutionsto forward) is omitted ; see Horn's . /

Lemma
. gin BITE t t Tnt , I Yo

-

- ios . . . . Yn -- in )
= gio Pl Tn E t

-
- Tna l Yo - in

, .
. . .
Yn -- io)

Proof
.
Conditional on Yo

,
. ..

.
Yn
,
the holding time

Uo
,
. ..

. Un are independent with
than Exp (9yd = Exp Gi) .

⇒ LHS = gin Pl Un > t - Uo- - - -
- - Un - i 20)

= ginger- 9in It - no - - - - r - un - i) III gie-9ikUeda
,

Alt)

"
Alt) =L Uo. .. . .Um, 20 : Uo t - -- t Un -Et )
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Now change variables : do = t - no- - - - - - um ,

Tk = Un-k Ik- b . . ., h -t)

IN - I uit - - - tune, EH
⇒ LHS -- fgine-9inkoIIgin.e-9in.ru#duo.-.dun. .

III9in
,
e
-9in

-
iii. q;e

- Clio ft - No- - -- - in..)

- RHS
.

/

Rk
.

We could assume WLOG that go . . . 9in > O
- otherwise both sides are 0.

' '

However if 9in
-

-O
,
then one can find a

similar statement that replaces the application
of the lemma

. E.g .

Pitti teTnt , HE is . . . , Yn-Fini ,Yn -- in)
= 9 ds Pin

..
tin -it-5in Hi in -a , - n . . Yn- i. it .
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3
.

General properties of Markov processes
3. I

. Communicating classes tixemdakeumiiinsk.to#meoto.
£

Deth
.

For states i. jeI , write inj Ci leads to j)
if Pil Xltkj for some t >O ) >O and i ← j
Ci communicates with j ) if i→ j and jai .
Also define communicating classes , irreducibility,
closed classes

,
and absorbing states exactly as in

the discrete - time setting .

Prop .
Let X be Markov (Q)

.

Then equivalently :
Ca) is j ;
lb) it j for the jump chain ;
(c) 9 ioi ,

- - " 9in, in > O for some iris . . .
.

,
in ;

Id) pijltl SO for all t > O;

let pijltls O for some t > O .

Proof
.

(d) ⇒ (e) ⇒ (a) ⇒ Cb)

(b)⇒ Cd : inij for the jump chain
⇒ Fifi

,
.. . .
in '

. Tlioi
.

- - - - Tin
,
in > O
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-

digit Cairo) orIii)
since product so

⇒ 9 ioil - - - 9in. . in > O ⇒ Cc)

Cd ⇒ lol) : for any kiltI ,
t so

,

9 ke SO ⇒ Pre Itt z Rd T, et , Yet, U,>t )
= ( t - e

-9kt ) 9GHz e
- get yo

since Pitt =PHMM
,

Cd implies
Pij Itt Z Pio i, Hh )

-
- "

Pim
, in Hh) > O .

3.2
.
Recurrence and transience

Defn
.

The state i is

recurrent for X if Pilato : Httit is unbounded) - I
transient for X if Pike o : Httit is unbounded) - O .

-1hm
.

Let X be Markov (Q) with jump chain Y .

Cal H gi -O then i is recurrent for X .

(b) Hai so then i is recurrent for X Iff it is for Y
.
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and the same holds for transience
.

Proof
. Cal Hai -- O , then XIH = i for all to it

XIOki
.

So recurrence is trivial .

(b) Assume i is transient for Y
.

Then almost

surely there is a last visit to i :
N = sup {n : Yn -- i l t n

and Tnt , ear .

Since te Es : Xb) = it implies
t I TNH

,
and the set { s : XGK it must be

bounded
.

Assume i is recurrent for Y
.

Then X cannot

explode (as seen before) : IP (ta --a) =L .

-

Tn→ as
since Xltnk Yn and Yn visits i infinitely many
times

,
the set It : Xltkit must be unbounded .

AI
.

Assume gi >O .
Then

i is recurrent # I Pii H dt -- ta
i is transient ⇐ I piiltldte a
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Proof
.

ftp.ilttdt-IEiltxitki/dt--EifI1xiti=idt)--EinI.oUnt-
Yn-- i)

- Eta
.

= ta. Eiiiiinl

By the corresponding result for discrete- time
Markov chains

,
the RHS is finite iff Y is

transient
.

3.3
. Hitting times

For ACI
,
set Ha = Inf ft IO : XHIEA I

hit = Pil Hae m)
kit = Ei Ha

Thm (hittite and lkailieI are the minimal
solutions to

(b) { hit = I lie Al

(QhAli -- O lieAt
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respectively
CH f Nit - O lieAt

CQKYI =- I lie A)

Proof
.
In the hitting probabilities are the same

as those for the jump chain . For if A, these
satisfy

hit = ¥ , IT is. htt ⇒ § 9 i; htt
.
-

- O

114 Clearly , Kai -O if iEA .

Let itA
.
Then HA IT, and

kit = Ei HA = Ei T t E Ei l HA- T , I Y
, =D IT

,;it i-

E; HA

= tq. t ¥
.

. 9¥ kit
⇐ ? oh; kit + I = O

RI
.

The egns Chl are the same as for the jump chain .

The eqns CH are similar to those for the jump chain
but in general not the same

.

46



3.4
.

Invariant distributions

If X is Markov (Q1 with XCOM X then XCHNXPLH
.

Petn
. Suppose X is irreducible and non-explosive

with transition semigroup (PHD and generator Q .

Then a measure X = Ail ice is

• invariant if XP Itt -- X for all t 20 ;
• infinitesimally invariant if tQ -- O .

It is called an linfinitesimally ) invariant distribution
if in addition ? hi =L .

Exercise : If I is finite
,
show that t is invariant

if it is infinitesimally invariant .
Lemma

.

Let Q be a Q-matrix with jump matrix IT .

For any measure X ,
XQ--O # µIT

-

µ where Mi - hi 9 i .

Proof
. By definition, tis. - Sign ) 9 i = 9 ij , so
IµIT

-

µ);
= ? Mi Ki; - fi ; ) = ? digij =HQ)j .

T
Xi 9 i
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Lamma
.

Assume ✗ is irreducible and recurrent
.

(a) There is a unique lap to multiplication by scalars)
measure ts.t.IQ--0 .

(b) There is at most one Into multiplication by scalars)
invariant measure .

Proof
.

(a) Assume III> 1
.

Then 9 i > 0 for all itI by
irreducibility .

Thus also IT is irreducible and
recurrent

. By a result from Markov chains
,
there

exists a unique µ 1up to multiplication) sit .
µ IT = µ ⇐ ✗ Q = 0 for Xi = 1¥.

lbl The discrete time chair Zn"= Xlhn) for any
fixed h>0 is recurrent . Indeed

,InIntl)

a =!Piiltldt = É Ipi.lt/dtIhehaiIPiilhlnHDn--0hn--

Markov property>I ehaipiilhlntD) "÷(exercise)

since Kit is recurrent for any h>0, there is a
unique measure t sit

.

✗ 172
-

mm = t for all n
,
n 20

Uniqueness follows immediately . [Existence can be
obtained from
XP It =t for all 1-10

,
t dyadic .

]
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Lemma
.

Let Q be irreducible
.

Assume k is a

measure with Idi to sit . XQ =O .
Then

Xj > O for all j .

Proof
.
If X;

-
- O for some j then

9jtj=÷⇒.

digi;
⇒ ti - O for all ist . gig. so

I-9; induction⇒ Xk- O for all k s .t . there
are ie with oui

,
ai

, iz
- - - 9inDO

cars:.me#-..Irreducibility⇒ Xk -- O for all k

Lemma
.

Assume X is Markov (Q) and irreducible
and recurrent

.

Let it I and set

Mi - Ei ( f
"
Ixis,⇒ ds ) = Igig

where Ri = inf ft > T, :X Itt -- it . Then
pei Q -- O and lui PltHui for all t .

Proof
. Cal since X is irreducible and recurrent

,
it

is non- explosive . Moreover
,

¥, Miss - Ei l Ri )
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MI = Ei ( Ef Un 1yn= ; Inqq.TN i
=# of steps to
return to i
t corrected

=EI Ei (Un Hn -- j ) IP th -- i , ne Ni )
--

t Ef Ayn --j In ±Ni -t)
9;

Ni -I
= ta; Ei ( I 1yn=j ) =
my 9J

8! = exp . # of steps spent at j
between visits to i

since gilt-- ri by a Markov chains result, we
see lui Q-- O .

To see that also lui PltHui for all t so :

Mii -- Ei ( Ii haskids )
-
- Ei ( ft t.xc.si. d.s ) t Ei haskids)
-

Ei ( fi!
"

haskids) by strong Mg¥%y
= Ei l#
"

haskids )
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= Eifftxcstj I Ri ds)
U

- Ei (I Ixlutttj IueRi du)
→ [ FEI Pil XIN - k , UI ki) Pig. It)

Markov at
time u

= Ee, Mik Pkj HI

⇒ lui -- pi
'

Plt) for any
t> O .

3. 5
. Positive recurrence and convergence to

equilibrium
Det

.

The state i c-I is positive recurrent if

Mi = Ei Ri Td or 9 i =O

where Ri - inft t>T, '

r Xlt f- it .
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Thm
.

Let be Markov (Q1
,
irreducible

,

and
non - explosive .

Then :

Ca) If some state is positive recurrent then all
states are positive recurrent and
ti = Im .

q.
for it I

is the 1unique) invariant distribution and
also the 1unique 1 distribution with dQ=O.

(b) If there is a distribution x with XQ --O
then all states are positive recurrent .

Cd If there is an invariant distribution X
,
then

again all states are positive recurrent .

Proof
. By irreducibility , q. so for all ie I .

(a) Assume i is positive recurrent .
⇒ § lui = Ei Ri = mi to

Let t;
= this. .

Thus x is a distribution .

By one of the lemmas , XQ
-

- O and it is inv
.

By another lemma , using recurrence, X is in fact
52



the unique measure s t . XQ
-
- O and also the

unique invariant measure .

Also

Mii e Eff
"

haskids) = Ei Uo -- fi
in

Uo

⇒ xi -- thi -- mita. .

By uniqueness of invariant measure, for any KEI,
µ
!; = Ga Mi where Gee 0,0)

⇒ Mk = I
,
pig = Ck } µ! = Ga Mi EA

⇒ k is positive recurrent
,
for every KEI .

lbl Assume XQ--O and Eli =L . Let it I and
set
u;
=
Xi ai
Xi 9 i

'

⇒
'
v i = I and 017=0 where 17 is the jumpmatrix

, by the first of the lemmas .
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By a discrete-time Markov chains result,
U
;
I 8 I f- In Ei then= 's In -- Ni ) )

⇒ mi iii -- F.
'
± ? = fix i

w

⇒ mi ed since 9i > O and hi > O
= I

⇒ i is positive recurrent .

G) Assume it is an invariant distribution
.

⇒ In = Xlnl is a recurrent discrete- time
Markov chain

⇒ X is recurrent

Thus pij is an invariant measure for X
By uniqueness of invariant measures (for X iroed, red
Xj -- Ci lui for some Cit (0,91

since X is distribution
,

I =-3 Xj = Ci Em = Ci Mi

⇒ mi en et i is positive recurrent .
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Thin
.

Let X be Markov (Q1
,
irreducible

,
and

non - explosive .

Cal If there is an Cinf .) invariant distribution X
,

then
pi; Htt

>did
; for all is j Ef .

(b) If there is no Cinf .) invariant distribution
,

then
pi; HI

Heidi O for all i , j c-I .

Lemma
.

Let X be Markov (Q1
.
Then

lpiiltthl - pi;HII I 9ih

Proof
.

l pi; Ittht
-

pig. It l l
- II pinch) pig. It)- Pij It) )
=/# i Piklhlpkj It)

-ftp.ilhllpijltl/
To IT
I I - Pii th) I Pil II h )

= I - e
-aih

± aih .
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Proof of theorem
. By irred .

, q
. so for all i

.

Cal If it is an invariant distribution
,

it is
also one for the discrete -time Markov chain
Znh = Xlhn) for an arbitrary h>O .

⇒ pijlhn )
h"

t k; l by discrete-time
M
.C .
result)

⇒ Ipi; ( hh)- X; I ± E for n z no Ch ,E)

⇒ lpijltt-ljklpijlhnl-pi.lt/tlPijlhnI-ljl
--

± 9 It - nhl
E E

E 9. h
for nano

for n such that
It-nhl Eh

⇒ Limasup lpijltl -til I 9ihtE

since hso and do are arbitrary , thus
find Pij Hkt ; .

(b) Essentially the same argument with HO .
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3. 6
. Reversibility

Thm
.

Let X be Markova
,
Q1
,
irreducible

,

and
non - explosive , with invariant distribution X .

For any fixed TSO, set IN
= X CT-t) for teT .

Then I is Markov (X
,
Q) where

gli; = g. i
← Positive (strictly) because too

and I is also irreducible and non- explosive .

Proof
.

Oi is a Q -matrix : dearly Ii; 20 for its;
Fdi; = ? IT. 9; i - fi HQ) i -- Oe corrected

liiedacibi lily of Q is also clear ( noting that Xi >O
for all i by irreducibility of Q) and 40=0 .

Define phi
;
IH = Ii pji It) .

Then

fist It) = Iii pji HI = i E PikHHki
forward egn .

T
for Plt)

= I
a

Pik It ) ¥
,
9k i

--

Fk; It ) dik
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= Ii dik phkj HI - OiMt)) ij
⇒ Ph satisfies the backward equation for Q .

Claim : B is the minimal solution to F
'
- Oil?

Let t be another be another solution : T
'
-QT

.

Then set

Ti; Itt
-

- fi Ii Itt
⇒ T satisfies the forward equation for Q
⇒ Ti; IH
I Pijltl for all i. j , t .

⇒ Ti; Itt z Fi; HI for all i. j , t .

Finally , note
MIHotta . . .

,
x' Antin)

=PHIT-to) -- io . . . . ,Xlt-takin)
⇒ in Pinnated - - - - pi

, io ( t . - to)

Limp in.. in Hn - tm)
Xin
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= Xiopioi , It , - to) - -
- Rim

, in Itn- tn- i)

⇒ I has transition semigroup P .

That I does not explode follows from jpij -- I .

Define
.

Let Q be a Q-matrix and t a measure.
Then Q and X are in detailed balance if

Xi ai;
= Xj 9ji for all i

,j .

Prof . If X and Q are in detailed balance
,

then
XQ-O .

Proof
. I Xi 9 ij = ? X; 9; i = X; = O

.

Detn
.

Let X be Markov IQ). Then X is
reversible if for all TSO

,
txt It and

( Xt-that have the same distribution .

Prof . Let X be Markova
,
Q1
,
irreducible

,

and
non -explosive .

Then X is reversible iff X and
Q are in detailed balance .
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Proof
.

Q and X are in detailed balance
⇒ E-Q
t n

(note that ⇒ x E
"
x

tQ=O so I

1. so by
theorem

irreducibility)

For the reverse direction
,
assume X is reversible .

Then X is invariant
,
so Xi>O for all i

,
and

Q -- Q
again by the theorem .

Example .

A birth- death process is a Markov

process on I ¥0, 1,2 , . . . 4 with

9 i ; =/
Xi ( j-- in )

Mi ( j -- i- D
O Cli-j Is l )

for some hi
, lui 20 .

For such a process, IT
satisfies ITQ = O iff IT and Q are in
detailed balance

,
i
- e
,

¥ , µ;+ ,
= it;
t; for allI20 .
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Proof
. Clearly , detailed balance implies too.

Suppose I Itigij -- O for all j 20 .

-%.

G'211 ? hi 9i; --O ⇐ Ti-it;-i tTiti Min - Tj TITTY )
⇒ Titi Min - Fi Xj -Tj Mj - Tj,Xi-I

4=01 ? IT i9ij=O ⇐ IT in Mit ,
= Tj Xi

IT
, µ , = To Xo

By induction , IT it , Mit, = IT; Xj for all j 20 .

These are the detailed balance equations .
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4. Birth- death processes and Markarian queues
4. I

.

Birth - death processes
Det

.
A birth - death process is a Markov process

on E- to
,
I
,
h
,
. . . 9 with

9 ,;
-

- f ti ( je ith

Mi fi = i -H
O Cli -ji > l )

for some ti 20 and Mi? O .

Last lecture
,
we showed that ITQ -- O iff

Tin Min = IT; hi for all j 20 .

SO

Hj = To
do - - - - Xj . ,
µ ,

- - - - Mj

-1hm
.

Let x be a birth-death process .

(a) There is a distribution IT s t
. Ti Q

-

- O iff
ar

Oe
'

off : Yui; ' em doIs not mean that
IT is invariantIff j - O finite - time sense)

(provided all µ; so and dj > O) .
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(b) The process X is non-explosive , and hence
IT from Cal is invariant if in addition

O ' Ein fi, Himiko
.

Proof
.

Cal By the discussion above the statement,
we have shown that

ti f: Yujiro . The E. it
. tin

is the unique distribution with TQ
-

-O
.

(b) To show that X is non-explosive, it suffices
to show that the jump chain is recurrent.
But for this

,

it suffices to show that u
; Mj 9;

is normalisable
,
i.e

.
O' Ev; ed .

Then u is
is an invariant distribution (after normalisation)
for the jump chain .

But since

u;
= Yu: Yuji to . hittin
- 9;

Tj

this is exactly what we have assumed .
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Example .

Assume 9is O and Xi - Xg ; and Mi -- lug i
with Xiyu = I . Then

IT
;
= Hali at;

satisfies IT Q= O .

It is normal isable if

Eiffel 'q. em .

But the theorem only implies that it is actually
invariant lie

,
X is non -explosive) it

¥:#lie . .
For example, it g -- I for all j , both conditions
hold iff teµ .

On the other hand
,
consider the case g

-

-Li and
assume that Yu Ell ,2) .
In this case

,
the first condition holds

,
but the

second does not
.

And indeed
,
the jump chain

is a biased random walk on to, b . . . S and
thus it is transient

,
and thus X is also

transient
.
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Thus X is transient but it does have an

infinitesimally invariant distribution, ie . IQ-0.
If X was non -explosive, then actually IT would
be invariant and thus positive recurrent . This
a contradiction

,
so we conclude that X

has to explode .

Example ( simple death with immigration) .
Xn = X

,
Mn = MU .

Then with g
-

- Yu, for all n -- O, I , . . . ,
PCXIH -- n ) t Sfp e

-

9

÷

Indeed
,
X is non - explosive with invariant distr.

Tin = End, e
-9

.

Thus pi; Itt ish? e-S by the limit theorem .

Example (simple birth -death) .
Xn= ht

, Mn= MU .

Note that O is an absorbing state and thus
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we assume that XOki > O .

Also
,
since to-O

,
we cannot use the theorem

to see that X is non- explosive .

Let Gls
,
t ) = Ei CsXlt) ) = Ei Is

"t'
Existing) .

where se to , IT, t 20
.

= Ite ta

Then IET = is-µ) Is-DfEs , Gls.Of si .
Indeed

,

G-Cst ) = Ipo Pij Hl si ,
so by the forward equation ,
FE IIIPii-ith!i;÷tPi*lHtg!÷

-

PiiNfuthis
= is Ift t µ 2ft - synth Fes .

The unique solution (without proof) given by

a-is.tk/txtttEsstIHi Hex

(Mlt
-s)- Hu - Isle

-Hyatt
X H- si- Hu -We*yay)

"

AHH
.
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Conclusions :

• Glbt) - firm, Gls,t
) - I for all t cand t

,µ)

⇒ X is non-explosive for all Yul .
• Eilat) = ielxyut

Indeed
,
EiXlt ) - lim Is GG.tt

STI

= lips, fit -ji
- '

Est - - -If
= ieHyatt

In particular, Ei Xlt) if O
Hu 'll

a H1N1 )

e. Hari WH - i¥¥fh ex-Hey exam, YEI't,
• Pi KAI - ol = GO, t)→ L

l "Yu 'll
- Mx Haus l )
extinction
probability
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4.L
.

MINK queues
141141k :

•
'

Markarian arrival
'
: customers arrive according

to a Poisson process of rate X
•

'
Markarian service

'
: service times are ii.d .

Explicit
• There are k servers .

Let Xlt ) denote the queue length, a Markov
process on to, 1,2 , . . . I with Q

-matrix :

1411411 : 9 i. in
-

- X
, 9 i. it TU

MIM la : 9 i. in
- X

,
9 i. it

=

'

Yu

-1hm
.

The length of an 1411411 queue is

transient ⇒ g > I where g- Yu
recurrent ⇐ get
positive recurrent ⇒ get

In the pos . rec . case , the invariant distribution is
Tin -- l l-g) g

" and if XO) NIT then the wait
time for a customer is Exp Gu-X) .
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Proof
.

The jump chain Y is a biased random walk
on do, 1,2 , . . . I with reflection at O :

Pl Yun - Yu - t l l Yu > O ) = YAtu )
IP Anti - Yu = - l l Yn > O ) = Mittal

P l Yu
- i
- Yu- t l l Yn T O ) = I

Thus Y land hence X) is transient iff Xya .

Since snip q.
= Xiyu em there is no explosion .

Thus positive recurrence is equivalent to the
existence of a distribution IT with IT Q=O

,
i. e
,

E. to, Tu: ' -- ElET" ⇐ 5- "M '
.

So suppose gel and XO) n IT .

Then Xlt) N IT
and the wait time is

Xlt)ti

W = -2 Ti
i= I

with Ti v Exp Gul and ii. d .

and independent of
Xlt) by the Markov property .

Also

Xltlt I N Geom (g) .
Exercise (Example sheet) i w n Exploit- g) ) .
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RI
. Similarly , EXIT) ¥ Fg

- I =µ¥
since XITHI V Geom(g) .

-1hm
.

The length of an M1Mla queue is
positive recurrent for all µ> O and Xso, with
invariant distribution Poisson (g), g-Yu .

Proof
.

There is a distribution Tl with it Q--O ift

£ Xo - - - X n-I
= Info (Yu ) ht! TAHo Mi - - -

'

/Un

and

E.it:: huntH -

- Ii
.

hi Annika

so IT is an invariant distribution and X non -

explosive 1by the theorem from last lecture) .
Also :

The Hat
"

hi
.

⇒ IT - Poisson (g) .
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Let A and D denote the arrival and departure
processes associated with a queue , i. e, A
increases by ti if X does

,
but does not

decrease
,
and D increases by H if X decreases

.

So
XItt -- HOI TA Itt-Dlt )

.

Rk
.

A is a Poisson process of rated .

The easiest way to see this is by using' construction 3 ' when we constructed Martov
processes .

)

But in general D is not a Poisson process .

RI
.

A Poisson process does not have an
invariant distribution

.
Still it has the following

time reversal properly :

H N is a Poisson process, then for any TSO,
Httk NLT) - NIT- t )

is again a Poisson process on CO
,TJ .

Indeed
,
conditioned on NITkn

,
the

distribution ordered jump times is
Yin 110It , e - - -

- et
n ET I
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Thm (Burke's theorem) . Consider an Ml Mlk

queue with invariant distribution ( so e.g .

the 1411411 queue with µ> X ) . At equilibrium,
i.e

.

with XO) UT, D is a Poisson process
of rate X and Xlt) is independent of
CDCs) : SETI .

Proof
.

The invariant distribution IT satisfies
detailed balance because X is a birth -death
process . Thus X is reversible :

if I Itt = Xlt -t)
then CIN : t ETI E CX Itt : t E T)

.

⇒ Arrival process I of It is Poisson CH .

But I A) = DfT) - DIT- t) .
Since the time reversal of a Poisson process
on to,IT is a Poisson process on 10 ,TJ, this
shows that CDAt it ETI is a Poisson process .

Since Tso is arbitrary , this determines the
finite - dimensional distributions of D
(and thus D)

.

So D is a Poisson process .
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4.3
.

Queues in tandem and Jackson networks

Queues in tandem : Suppose there is an MINI

queue with parameters x and µ , .
After a

customer is served
, they immediately join a

second queue with service rateµ .

Let X, and Xs denote the lengths of the two
queues . Thus E- 10,1 , - . . . J2 and

9cm
,n) , (mti, n )

= X

9cm
, nd, cm

-I
,
nth = µ ,

(M Z t)

9cm ,n), cm, n- l)
=

plz ( n ? I )

Thm
.
CK
,Xz) is positive recurrent iff Kyu , and

X e Ma and the invariant distribution is then

Tim
,
n
-

- H -g) Sim H- gzlgi Cgi = Hui)
.

Thus XHI and Ntl are independent in
equilibrium .

Proof I
.

The rates are bounded
,
so CX , ,K) is

non - explosive . Thus it suffices to check
IT Q = O
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which is the case .

Proof 2
. Note the marginal X , is an 1411411

queue .

Thus X
, is positive recurrent iff Kyu ,

with invariant distribution

Tl
'

Im I = ( t - g ,) gin .

By Burke's theorem, the departure process of X ,
is Poisson of rate X .

But the departure
process of X, is the arrival process of Xs .
So the marginal Xa is also an MINI queue
with parameters x and µ, and invariant
distribution

T2 In ) = ( t - Sz ) gi
.

Independence : if X
,10) NIT

' and Xz10) v TR
are independent then X , It) and KH ) are
independent by Burke's theorem .

Careful : X,HI and Xz It) at a fixed time t are
independent at equilibrium , but the processes
(X , Itt : t 20) and Ck Itt : t 207 are not

.
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Jackson networks : consider N single server
queues with rates Xk and guk where Kel,..,N .

After service
,
each customer in queue k moves

to queue j with probability pig. and exitswith probability Pro -- I -¥kPkj .
We assume pkk-0 and pig. >O for all kti
Thus I = {O , 1,2, . . . IN and

(including j-O) .
ee = CO

,
- ..

,
O
,
I
,
O
,
. . .

,
O)

9h
,
ht ere Xk p

④
9h

, n
-ektej

= Mk Pkj (nk? I )

9h
, n
- Ek = Mk Pico (htt t )

Traffic equations : I = Hi , . . . . In ) Elo,a)
N satisfies

Ik -- XK t ¥+5; Pik (T)

Lemma
.

There is a (unique) solution to CT)
.

Proof
.

Let poot . Then ftp.jlkn.io is a
stochastic matrix

.
The corresponding Markovchain Z -- kn) is arbsorbing at O .

Thus the

communicating class of lb . . .,Nl is transient .
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Thus the Itzik has Eked for all
KELI , . . . ,NS .

Assume Rko --K) -- Yf , X - II Xi . Then
Eka = Pl Zo- k) t Ef P Rntf k)
- -

I ¥7 Pkn-- j ,Zntik)"

= ¥
,

Pkn--j ) Pik

= ¥ tf
,
#"j) Pik

Thus if IE XIE Ya then I satisfies ITI .

Uniqueness : Example sheet .

Thm
.

(Jackson) Assume CT) has a solution
with IK e Mk for all k

-

- I
,
. . .

,
N

.
Then the

Jackson network is positive recurrent with
invariant distribution

Mnt = II
,

H- 5k) SINK
,
SI -- III .

At equibn
'

Ii um
,

the departure processes ( to
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outside from each queue are independent
Poisson processes of rates Ii Pio .

Lemma
.
I Partial detailed balance) . Let x be

a Markov process on I and let IT be a
measure on I . Assume that for each ie I
there is a partition
IHit - If u Ik u - - -

such that for all k

¥¥iTi9ii III
,
ifi 9; i CPDB)

.

Then IT satisfies IT 0=0 .

Proof
. § Tl i 9 i j = I IT i9 i; t Tlj9jjieIKis

= E ICIElli 9ij t Tljgjj

i¥¥9i
=

Tj ¥; 9ji t Tl; 9jj
= O

t
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Proof of theorem
.

Let

Tin = LIN gini .
We'll check LPDBI

.

Let

IA = Lei : it , . . . .Nl

Ipg -- Lei - ej : it is u { - ej ) .

Thus : • when a customer arrives : ninth
Mt IA

• when a customer departs from j :
n→ ntm

,
MEIDj .

It suffices to show :

m¥IaHn9n , ntm =m¥I¥¥m 9mm,n CA)

FEI
,.IT/n9nintm-mIeg.TnTtnf9ntm , n LD)

(D) ME ID
;
⇒ 9 n ,mm

= Mj pjo if m= - ej

9 n
,ntm
= Mj pji if M

-

- ei - ej
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⇒Eee
,
?mntm=MjPjot¥jMjPji=µ;

Eee
,
"II9nmtm=¥

,

"
If ' 9ntei-ei.ntTFneign.g.is
----

Eiti#
Tg. q.

HiPij tf. X;

Piittsixi µ;

Htt Itanium "
name.I "Fhm 9mm,n=¥
,
Tin

9ntei.tn
META

¥I¥iTXiPio
= ? Ii Pio
= ? ( t - I Pij)
= ? I

-

} ? pi; F. Xj
-

ETI
,
- Xj
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Thus IPDB) holds and IT Q -- O
.

The rates are bounded
,
so there is no

explosion . Hence if girl for all i we
can normalise Tl and it then is an
invariant distribution .

Claim about departure processes : Example sheet.
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4. 4
.

NIGH queue
• Customers arrive according to a Poisson process
with rate X

.

• Service times of the n- th customer is 3N
where the 3h are ii. d .

with E3n = Yµ .

• There is one server .

Note (Xlt) : t 20)
,
the process of the number of

customers in the queue , is in general not
a Markov process .

Let Dn be the departure time of the n- th
customer

.

Prop .

Zn =X(Dn)
,
no
,
1,2
,
. . .

,
is a discrete - time

Markov chain on to, 1,2 , . . . 4 with transition
probabilities

i÷÷÷÷÷: it
where p.EE/e-t34l?

"

) .
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Proof
.
Let Anti be the number of customers

arriving after Dn during the service time 3mi .
The An are ii.d .

and given 3n ,
An ~ Poisson613n)

.

⇒ PLAN --k) = Ef PlAn --k I 3n)) = pie
k

k !

Now
,

X (Dna ) = Anti (X CDn) -- O)

X ( Dna ) -- Anti t X (Dn)- I (X ( Dn )> O )

This gives the claim .

Thin
.

Let g- Yu .
It get the queue is

recurrent in the sense will empty out almost sure§ .
It gsl , the queue is transient in the sense that
it will not empty out, with positive probability .
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Lemma
.

Let (Yi ) be i. i. d
.

Z-valued random
variables

.

Let Sn - Y
,
t - - - - t Yn

.

It EIYitem
then S is recurrent iff E Yi --O .

We will
assume for convenience that Ethel3--9

.

Proof
.

E Yi > O ¥
"
Sn→+a a.s

.

e O Smi -a a. s
.

So we will consider the case EYi--O now .

It suffices to prove that

G-xlot-E.IM?lSn--O)
finn, GIO)

= ta
.

Now : Polish-- O) = IT, I
"

flan eiko dk
where HH =EfeiYk)=¥zlPH=x3eikx

HINK I ltikx - Ik
'x'talkxp)

HH -- I - I#49kt 011143)
=

⇒ GIG = #FEI HAHM dk -t
"

t.IE#iocksT
-

→a

1¥14 =

- ck4oCk3)) as htt .
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Proof I of thm .

X transienthecurrent # XlDnl transient hecurrent
White XlDn) so , XlDn) has the steps of a random
walk on k with step distribution Y - Aq

- I
.

EY - EA - I n Cpk)
= Em ELA 13 --m) RB-- m) - I

= Im tm Pts=m)
- I

= X E3 - I = g
- l

H g- I , then X is recurrent
.

If gel , then X is drifted to the left, X is then
in fact positive recurrent . Hgs I , X is trans
The second proof uses a hidden branching
structure

. A customer G is an offspring of
C

, if G arrives during the service time ofC . . This defines a tree . µ
•

P
O

foll. A. Do
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The offspring distribution is ii.d .

A
.

So this is a branching process .

Proof 2 of thm
.

Recurrence ⇐
(emptying out ,

tree finite
.

By branching process results , this happens iff
EA ± I

,
i. e.
, g II . -

Busy period : time between a customer joins
an empty queue and another customer leaving
behind an empty queue .

Prof . For the HIGH queue with Kyu, the
busy period B satisfies
EB =¥ .

Proof
.

Assume for now that #Be a . Since
Al

B =3 ,
t ¥

,

'

Bi
I
•

111¥
,

t busy period of i-th subtree

1/1/11
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A, depends on 3 , ,
but the Bi are conditionally

independent and have the same distribution
as B .

⇒ EB = E3 t Et EEE! Bi IA, 9 ,))
= E3 t EA E B

H EB em then this implies that

EB - ¥¥a - E's = Ex .

Since gel , we have seen that XCDn) is in fact
positive recurrent . If N is the length of an
excursion of X (Dn) .

⇒ EB - E(Dm-Do ) mmhg
= ETE

,

Dn-Dn. .) o -

g
- - - - -

-

if
-

By independence ,
EB E EN EDn - Dn- i em .

-

Eg
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5
.

Renewal processes and non-Markarian queues
5. I

.

Renewal processes and size biased picking
suppose busses arrive "

every 10 minutes
"

according
to the following two models :
Ca) Busses always arrive exactly 10 minutes
after the previous one .

(b) According to a Poisson process of rate 10,
i. e . the next bus arrives after an independ .
mean 10 exponential time .

How long do you have to wait on averge ?
lat 5 minutes

lb) 10 minutes

Defn Let Bil be i. id . non negative random
variables with 1193> 01>0

.

Set

Tn -- Ei Zi , Nlt)= max { nzo : IE tf
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Prop If f- YES then

NIH r x a.s .
, EMI' it .

We will only prove the first claim .

Proof
.

First note that Nitka a. s . and
that Nlt) in a.s

.

Then

Tutt E t I TNITIH

⇒ THE ' Fai 'Tutti '

By the LIN , If i Ees -- I a. s .

Since

Nlt)→ on
,
therefore

'II it
.
.

'TIFF ' I
⇒ Nlt) x X

.

+ -

Now suppose Pl }i
> 01=1 . Let

Si =3 ,
t - -

- t 3h
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⇒ gin e to. D partition to ,B :

• a
- - -

⑧

Essen sein En Isna

Esen En

Let Un Unit to,B and I be the length of the
interval containing U

.

What is the distribution of T ! One might it is
the same as that of Yi

,
but this is not so

bsecause U lends to fall in bigger intervals :
ize biased picking .

Prop .

Phi e dy ) = my PC Yi E dy)
Proof

.

Phi e dy) = ¥
, PHI edy , Ssi; I UI En )

3 i
Sn

= Ei EC 11 3in t dy I Isin )
= ÷

,

y Pl }÷ e dy )
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= my PLY,
t dy) .

Det
.

Let X be a nonnegative random variable
with distribution µ and EX -- M . Then the
size biased distribution is

pildyl -- Im aldy) .
We will write I for a random variable with
distribution pi .

RI
.
Saildyk tmSyµm# =L .

Example .
If XN Unit to , D .

Then I has
distribution

pic did = 2x dx

Example H Xn Exp ill . Then I has dish:
Alda -- Y, X e

-" dx

= K x e
-H d x
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so I ~ Gamma 12,47
,
i.e.
,
I has the same

distribution as 4th where X, and Xz
are independent Expat random variables .

5.2
.

Renewal processes : equilibrium
Given a renewal process , set

Alt) = t - Tut, age (time since
last renewal )

Eltf- Tutti -t excess ( time until
next renewal)

UH = Alt) 1-Elt) length of the
= TNIHH -Tmt) current interval

For simplicity , assume 5 is 2-valued in the
following .

-1hm
.

Assume 5 is 2-valued and non-arithmetic :

Hk> 1 : Pl} c- like 1
.

Then PIUTIIX
,
Elt Eg)→ PB^±x

,
U} Eg)

1×19*11 put/ IX. Athey)→ PLEX , U} ± g)
where Un Unit 10,13 and independent of } .
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Rk
.

PLU } Ix) = ✗ f.
✗

Pl }>g) dy
t§=E}

Indeed
,
PCU} 1×1--1

'

Pl } e- Yul du

=H§%yPl}edy)) du
=f%yPBedy)%"du
¥

=µ7xxy)Pl}edy)
Pl}>g) dy=t§§ Posed2) dy

=

.is?PtsedzI!?qYz--H?lxxylPl3tdz)
Example .

If 3N Unit 10,17 and ye [0,1] ,

P(EaEy)=t§ Pl }>a) du *mean of }
"
u} = xp Itu) du --24g - E)
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Proof (of the theorem)
.

Since 3 is Z - valued
,

Elt)
,

t--O
, 1,2 , . . . is a discrete - time Markov chain

with

Pi
, it
= I ( i 221

" n - *is .nu ,

"

:?
:

:
.

.

.

:
.

"

since PesekE) et Hk> I
,
this Markov Chain

is aperiodic .
$
con u . . . . , ng for suitable N)

It is also irreducible and recurrent
,
and IT#P is

IT n
= Tht i t To IP 13 = htt )

⇒ Tn = mint ,MKm) , To-- I

-
is an invariant measure

1193> n)

since E3 - I PB>n) , this measure can be
normalised if E3 = Idea and thus

Tin = X Pks> n)

is an invariant distribution .

since we have already noticed that the chain
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is aperiodic , by convergence to the invariant
distribution

,
for y integer,

NEH Ey) ' EyIn = in PB> n )

=.is?lPl3sLxIldx--kflPl3sxldx
Now IHH

,
EH) )

,

t- O
, 1,2 , . . . is also a Markov

chain with state space
I -- f In ,K) : I I k In l C N x IN

and transition probabilities
Pln ,Kl→ In ,K-I , =/ ( k? 21

Pln
, yuck,Ky ,

=P (3 -- k) a- indep . of n

This is again an aperiodic irreducible Markov
chain and the invariant measure equation is
Tin

,K- I ,
= Tch

,k ) ( t E KI n )

Tik
,
k- it = ¥9 Item

,
i ,
Pl5- k)

.

1-
indep . of k
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Take
time, = 11¥35-n) = n M£35n ) x th tf I Ek±H
--
^ Given ten

,Pl5- n) E is uniform
on { I , . . ..nl .

Again by the Markov chain limit theorem ,
Mutt Ex

,
EltKy ) i '¥I±yTime

~ 15
,
U37

This completes the proof of convergence for
(UH

,
Elt))

.

The one for Ntl
,
Alt)) is

analogous .
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5.3
.

Renewal - reward processes

Let Bi
.
Ri) be i. i. d. pairs of random variables .

( Here Si and Ri need not be independent .)
Assume 3 ; is nonnegative and E3i=YK& .

Let Mt) : t 201 be the renewal process
associated with the Gil and

RHI =Ét+Éi (total reward up to time
t)

I=/

Prop .

If ERIKA then

Rltl
1-
it ERI as .

☒ RIH
t
it ER: .

-1hm
.

The expected current reward 1-A)= ERN it)+i
satisfies

Ht) i XEIR} )
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Example : Alternating renewal process
A machine breaks after time Xi then it takes
time Yi for it to get fixed .

Thus 3i -- Xi t Yi
is the length of a cycle and the 3 i define a
renewal process (if we assume that the Xi and
Yi are ii.d) .

What is the fraction of time that the machine
runs in the long run ?
Let Ri -- Xi be the amount of time the machine
was on during cycle i . Then Bi, Ri ) is a
renewal - reward process .

Thus the last proposition suggests that

Rft) i EX ,

EX
, HEY ,

Ef- H-) x - a-
.

Now RItht is not precisely the fraction of
time that the machine is on because the
rewards are always awarded at the end
of the cycles .
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what is the probability pH) that the machine
is on at time t ?

E RHI = ft pls) ds
so we expect land it is true under suit. ass .)
ptt) i E X ,

EX
,HEY ,

Example Busy periods of NIGH queue
Assume gel . Let In and Bn denote the lengths
of the n- th idle and busy periods .

Then l Bn
,
In) is an alternating renewal process .

⇒ pH) x
EIn

E Brit E In
'

By the Markov property , Inn ExpH)
EIn = Yx

Earlier we saw that EBn --H .

Thus

pity . ,¥¥± -- MF
'
-

- I - Yu .

98



5. 4
.

Little's formula

Defn
.

A process Mt) : 1-201 is regenerative
if there exist random times In such that
the law of (✗ It+Tn) : 1-20) is the same
as that of (Xlt) : to ) and independent
of (Xlt ) : TI Tn) . Also assume that to =0

,

that Inti > In and that Tnt, depends only on
cxttttnl : t 20 ) (so that (Tna -Tn ) neo is i. i.d.)

.

Rk
.

An HIGH queue is regenerative with
in the end time of the n-th busy period .

-1hm 1Little's formula) .

Let ✗ be a queue
that is regenerative with regeneration times
In . Let N be the arrival process of ✗
and let Wi the waiting time of the i- thcustomer I including the service time) .
Assume EI, ear and EN (g) ed . Then
the following limits exist almost surely and
are deterministic:
(a) Long- run mean queue size :

1-= tinea ¥ § Xlslds
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lbl Long- run average waiting time :
W - him
.
t E. Wi

Ccl Long- run average arrival rate
X = lim Nlt )

t →a t
.

Moreover
,
L -- XW .

In fact
,
letW holds

only assuming that the limits in (b) Kc)
exist and Xlt) It to .

Proof
.

Set Yn -- ¥7
"

wi
.

Since X kn) -- O
,

for any Ten E te Tritt ,

Inn
.

I tftxlslds Ekin .

By the regeneration properly, Yi -Yi- i are in:D .

Also Yo-O . By the SUN,
Iff ' d

#Y '
a. s .

ti IE T ,

⇒ Ift Xlslds i
EY ,

Et Ii
-
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similarly , since ENITika,
NHI

x X
.

t

Also
,
for N (Tn) I k t N knti ) ,

M¥n+, I k Ei wi ± YTFin,
and Yn
viii. ,

a ¥
This concludes the main statement

.

That t-- TW still holds under the stated
assumption is also similar :
NIH-Xlt) t

¥
,

wk I f Xlslds I
'

wk

since Nlt) It i x > 0 and XIHA→ O
,

tiny tftxlslds = XW .
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6. Spatial Poisson processes
6

.
I . Definition and super position

The standard Poisson process can be encoded
by the set of arrival times

17 = { IT
,
Tz
,
Tz
,
. . . . I 40,0)

17 is a countable random subset of CO,m) .

A spatial Poisson process is a random
countable subset 17C Rd (with certain properties
Let BTRd ) - { II la is bi) : ai e bi l be the set of
boxes in Rd

.
For At EUR41

,
the volume is

IAI = HI
'
lbi -ail

The Bord o- algebra Bard) is obtained by
countable unions and intersections of elements
of EUR4

.

For AEDCRd ) the volume (Lebesgue
measure ) IAI is still defined .

Deth
.

A random countable subset a e Rd is
a Poisson process with constant intensity X soif for all At BCRd )

,

(a) MAI : = # (Anti ) n Poisson (HAI)
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(b) For any Ai . . . ., An E BlRd) disjoint,
NCAA

, .
. .

,
NIA n ) are independent.

If IAI = as we interpret Ca) as IPC NCA) -a) =L
.

Example If 17 is a spatial Poisson process
on IR then Mtt NKO.tl ) is a standard
Poisson process .

Deth
.

Let X : Rd iR be a non- negative
(measurable ) function such that

ACA) := § Xxl dx e as

for every bounded
A EBCRd) . Then IT is a

non - homogeneous Poisson process with
intensity X if
(a) MAI : = # (Anti ) n Poisson (NAD

(b) For any Ai . . . ., An E BlRd) disjoint,
NCAA

, .
. .

,
NIA n ) are independent.

A is called the mean measure of the Poisson
process .
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Thm
.
(superposition theorem) .

Let 17 ,
and 172

be independent Poisson processes with
intensity functions X ,

and da
.

Then
17=17

, u Tk is a Poisson process with

intensity X -- Xith .

Proof
.

Let Ni CAI = #LITin Al .
Since Ni CAIN Poisson ChiCA)) it follows
that
guy = N , CA) tNDA)

n Poisson (AlAlHWA) )
⇒

Also if Ai , . . ., An are disjoint, SCAB . . ., SIAN)
are independent .
To show that SCA)=# {TH AS we need
to show that IT, n IT2h A = 0 almost surely .
We will assume It is bounded . Let

Qian = II (ki 2-7 (kitD2
-n] for Kek

d
,
neN

.

et BITI, nTh n A ¥0]

E Ezo, Pl MCQK ,MAHI , NdQa,nn AH t)
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= Ezo, H - e
-NQKinhAl) ( I - e

-AzlQc
.MAY

-
-

E A (QianNA) E Az IQK
,
n
AA )

± HEY AlQian htt) × Eez,AlQian n A)
--

MnCA) AndA) e as

clearly , when it is constant ( or bounded) then
MnfAt e- X 2-

nd
' O

.

gin

Lemma
.
Mn CA) i O for any

non-negative measurable X and AtBIRD)
bounded .

Proof
.

WLOG
,
A is a finite union of Qiao .

Clearly , Mnt , CAI ± Mn CA) and thus MnfA)→ 8
for some 820

.

If 8>0
,
then for every n there is kn

fed sat
.

Al Qian
,n
) 28

.

Colour a cube Qk
,
n black it for any m2h

there is a cube Qam
,
m CQK

,
ns.t.NQkm.mkf

.
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Since It is a finite union of Qiao there is
one of them such that Qk

,o
contains

infinitely many of the Qian ,m . By Moncton .

Qiao is then black and we thus have a
nested sequence of cubes
Qo J Q , D Qz o - -

-

sit . NQ n ) 28 .

But

hinfaNQnk.HN On ) -- O .

I -monotone contains at most
convergence one point

Rk
.

The same proof applies to any measure
A satisfying NEH) -- O for any k .
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G
-2

. Mapping and conditioning
Let f : Rd i Rs be measurable

.

For IT a Poisson process on Rd, when is

ftT ) = { fCx) e Rs : X E 17 I

again a Poisson process Con 1129 ?

Thm
.

(Mapping theorem) Let 17 be a non -
homogeneous Poisson process with intensity
function X

.

Assume f : Rd→ IRS satisfies

N f
- '

Kyl )) = O for all y c- Rs Ck)

and

pet B) = Nf
- ' l Bl ) Bplx) dx T od

for all bounded BtDCRd ) . Then HIT) is a
Poisson process on Rs with mean measure µ .

Proof
.

Assume that the points in fol) are as .
distinct

,
i. e
,
f is injective on 17 .

Then MlBI - #Ltth n B1
=#{IT n f

-' (B)In Poisson INf- 'CB))
FCB)
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If Bi
,
. . .

,
Bn are disjoint, so are the f-

'

Bi) .

⇒ MIB ,) , . . . . MlBn ) are independent
Thus HIT) is a Poisson process with mean
measure µ .

Thus it suffices to show that the points in
ft Th n lo , Ds are distinct a. s .

TwLOG
Let Qian = II (ki 2-n , ( kitD2

-n] C Rs

Then #If¥nI~ PoissonGulden) )
NK Mk

⇒ Pl Nk 22) = I - e
- MK - µke

-Mk

= I - EEK ( Hyun) E ME
Z I -Mk

⇒ E ME ± MIX Mk ? Mk
--

Mn = MILO,Ds ) ear

and Mn→ O by the lemma from last time
using the assumption H) .
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Example .

Let 17 be a Poisson process on R2
with constant rate X

.

Let f : R2 → R2
denote Polar coordinates :

F- try , E- aretan Hy )
and Ir

,
Ot -- O if IX.y) -40,0) .

Then th) is a Poisson process on R2 with
measure

NB) --f,BY dxdy
= Instr drdo

where 5- Hr.A : NO
,
O" FILM

Thus FH) is a Poisson process on S with

intensity tr .

Him (conditioning properly! Let 17 be a
Poisson process on Rd with intensity functionX and A EDCRd) such that

OT NA) ed
.

Conditional on # { 17h Al - n, the n points
in 17nA have the same distribution as
n points chosen independently , all from the
probability distribution
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ulB) = 94¥ , , BE A

= ! ,
dx

.

In particular, if X is constant, then the n
points are uniform in A

.

Proof
.
Write NCBI =#EBAN

.

Let Ai
,
. . . .

.

A be a portion of A .

⇒ PINIAD! hi
,
. . . .

,
NCAA -- hk IN CA) -- h )

= II PCNCAit -- ni)

PC NCA) = h )
( independence
properly )

= II fi ! Nai)nie
-NAI)

th ! Allyn e
- ACA )

=

n
,

?! nd
.

UH
,
In ' - - - - HA,a)

hk

This multinomial distribution is the same
as for n independent points chosen from u

.
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This holds for any Ai . . . ., AK , and thuscharacterises the distribution of 17nA .

Rk
.

One can simulate a Poisson process by
using this properly . Parkon Rd into say
unit cubes Ai

,
Az

,
. . . .

.
For each i

,
simulate

a random variable Nin Poisson CHEY ) .
Then choose Ni points uniformly at random
from Ai . The result is a Poisson process
with constant intensity x .
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6.3
. Colouring

Let 17 be a (non- homogeneous) Poisson process
on Rd with intensity function x : Rd→ R .

Colour the points xc- IT independently as follows:
• A point xet is red with probability 8kt;
• a point Xen is blue otherwise .

Let t be the set of red points and let
-2C IT be the of blue points .

Thm
.

T and I are independent Poisson processes
on Rd with intensity function ylxhllxl resp .
It -HH) xx) .

Proof
.

Let A E DHRd) with NAI ed
.

Then
condition on #LD n Al - n .

Then IT n A
consists of n points chosen independently
from distribution v Cas last time)

.

The probability that a point is red is
F -- Ha, fHH xx) dx .
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Let Me and Nb be the number of red and blue
points in A .

⇒ PIN. -- n .. . No-- n. / NAHn) -- n?!moi
.

8 "- H-it"
.

⇒ IP (Nr -- hi
, Nano) = thynrl I-Anb

× A(A)
ththis

(Arty
e
-NA)

=
E NAH!!g.JNA

' KI-f)NAD
n
b
e
- ctDNA)

- hb#
PlPoisson ( 8-NAH= Dr) IP (PoissonNJ)NAH th)

Thus the number of led and blue points in A
are independent and they are distributed as
Poisson CE NAH respectively Poisson H -f)NA) ) .

The independence of the number of red 1 blue
points in disjoint sets Ai , . . . . , An follows from
the independence property of 17 .

Example .

A museum contains in different rooms
that the visitors have to visit in sequence .

Assume visitors arrive according to a Poisson
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process (on Rtl of (constant) rate X .

The t - th visitor spends time Xs
,
r in room s

where the Xr
,s are independent random

variables and given s the distribution of
this does not depend on r .
Let Vs It) be the number of visitors in room
s at time t .

Claim : for any
fixed t

,
the Vsltl

,
5- I , . . ., D,

are independent and have Poisson distributions
.

Proof
.

Let T
,
e Tze - - - be the arrival times

.

6 ;•
,
i * ÷

.
"X

colour the visitors according to which room they
are in at time t . A point x in the Poisson
process is coloured es if

xtE Xi, I t e x t.se
.

X. HI

where the K, are the times spent in room x by
the visitor that arrived at time x

.

If 1*1 does not hold for any s
-

- I
, . . . ,
n
,
we
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colour the point x by f- gray . These are the
visitors that have not arrived yet or that
have already left the museum .

The colours of different points are indep .

Thus we have a Ct-dependent ) coloured
Poisson process .

The it- dependent) intensity measure for each
colour that is not 8 is a finite measure
because if xst then x is 8

.

So llsHI = NsKO,t)) .
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6.4
. Retry i 's and Campbell-Hardy theorem

-1hm
.

Let 17 be a countable random subset
of Rd and let x : Rd→R be a nonnegative
measurable function with

NA) = £ Xxl dx ear

for all bounded A EDCRd)
.

If

11917 n A = 01 = e
-NA)

for any A
that is a finite union of dyadic

boxes Qian = It
,

Iki 2-n
,
IkiH )2

-n ] then 17 is a
Poisson process with intensity function X .

Proof
.

Let Ac Rd be bounded and open .
Let

Ik
,n
= IQK

,n n A ¥0 .

Then

NUH #ETI n Al -- finna NnH)
where Nn HH ;I

'

Ik
,n

i QK
,n
CA R

independent
The limit is monotone

.

for fixed n
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Since the Ian are independent (for fixed n!
E(SMH') - t.am#ElsIkm)n
assumption #

e-NQK.nltsfl-e-NQK.nl)

= !.la?ncalstlt-sle-NQk.n))

By monotone convergence ,

ELSNCAY-nlimakl.at?.ncalstll-sle-NQkmY-
Also : e-ltsk-s.tl/-s1e-aEe-ll-sktOCa7

T p
e-4-skis convex loglstltsle')I - - - - - - - - -

•

= logle-yef-DS.tl ))
e

!
= - atlogleatlstl )

so SH

E - attends
a -1018)

= - Cl -Da -1062)
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⇒ liggett
-site

.

④Kml I ElsMA' )
I finna e-Its)¥a..ca?lQkinttOlmaXACQk.nD

since A has a density X,
HUH = hima a.manakin ) .

By the lemma from earlier :
"%af.nca.NQK.nl ' O .

⇒ IE(sMAY = e- H-SINAI

⇒ MAI n Poisson (ACA) ) .

Also
,
MAD

.
. . .

,
NCAA are independent for disjoint

open sets Ai , . .. , Ak because the Nn CA i) are and
Nn (Ail i Nn CA)

.

Without proof : the statement can be extended
from Ak bounded open to general Ak .
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Example : Lottery .
• A player wins at the events of a standard
Poisson process 17 on R with rate X .

• The amounts won are ii.d .

• The player spends gains at exponential rate a .

The gain at time t is
a-HI

no,E-
"""

WE
amount won at time x

= ¥; Ht -H Wx

where Hal = f
0 if UTO

e-xu if u ? O
.

Thm
.

Let 17 be a Poisson process on R with

intensity X , and let t : Rt R be integrable over
bounded interval with Hut -- O if u --O

,
and

let lWx key be ii. d .
and independent of 17 .

then

Efe GAY -- expflftfefeio HOW) -Dds) Hy
EfER

Also assume t is smooth .
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In particular, if EIWI em ,
EGHKX EW ft Hsl ds .

Proof
. By definition ,

G-Ht -T:( We nts of the Poisson process .Poisson process

⇒ Htt- EfeIOGIH )

Efeiottt-HWyefeionEIHt-fnlwnlw.it/card .

expectation t-Tn = t-T, -In-TD

E LeiOrtt
-HH
f ft -T. ) )

Markov

→
= t ft E Leiatt -ulwi ) Flt-ul e- tu du

InExp(H

s .

t ft Eleit Hs' wit Ffs) e-Ht
-s) ds

The solution to this integral equation is H) .
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Indeed
,

Ft MH -- X E fei OHH W ) HH
- lift Efe i or btw ) Ffs) e-Ht

-stds
#
- t Flt )

# FIH =

expfl ft ECei Ot
H W ) - t ) ds ) .
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6. 5
. Applications

Ober's paradox . Suppose a star occurs at
the points of a Poisson process 17 on 1123
with constant intensity h .
For x C- 17

,
let Bx be the brightness of the

star at x
,
and assume that the Bx are

ii.d
.
with mean 13 .

The intensity of light striking an observer at
the origin 0 of all stars within distance a is
Ia = I

B x

XEl7
l X12 .

IHEA

Let Na = #{17 n Ba1031 .

Then

ElIa INa) = Nap B↳ ,%,HTT
DX

Since E Na = d l Balol
,

ELIa) = Xp !①ytxpdx - X B 41Ta .

In particular, the expected intensity is unbounded
as a ad : Ober 's paradox .
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Poisson line process Let S =Llines in KY
For Les

,
define

coordinates to, p)Elo,Tl) x IR p

by letting LT be the line
. . -
to

. .
. . . .

through 0 perpendicular to L o L

and O be its angle and p
the signed distance of the intersection point .

Note f : s i to.ThxR is a bijection .

The Poisson line process on S is now defined via
this identification in terms of a Poisson process
on Io,ITI xRC R2 .

We say that the Poisson
line process has constant intensity X if the
Poisson process on R2 has intensity
NO

,p)
-

- X for OE fo
,
IT)
, PER

= 0 otherwise

This process on lines is translation and
rotation invariant

.

For given Apte to, thxR the corresponding line is
top =p 15%8It ktcsion 8)

.
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How
many lines hit a disk Da lol

?

Poisson Gu)
with µ= Is:X dr do = HITa

•
•

= Xx perimeter ( Dalol)

How many lines hit a convex DC R2 ?

kings, hittingthatcorrespond
to

to.ph 8D to

By quality , for a.a . lp.FI,{ Lop n DDf- I #I Lop ndDf .
⇒ The number of lines hitting D is Poisson with
mean given by
X III I# HopndD1 do dp .

The function C l d

'

II I# flop nG dOdp is
where C is a curve is additive under
concatenation

,
so proportional to arc length .
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And from this one can deduce that the number
of lines hitting D is Poisson with mean

Xx perimeter CD)
.

Bertrand 's paradox what is the probability
that a random chord is

• longer than B ?
I

•

B

•

① Use a Poisson line process (cand .
to intersect)

.

⇒ angle is Unit to,2M
radius is Unit 0,11

The length of the chord is 1=-2FR
⇒ PILE B) = BHARTI B) (RnUniflo,D)

= PCREIT =L .

125



② Random endpoints
•

•

µ o-nllniflo.IT)
* AN Unit IT )
°

⇒ L=2sinff'121
⇒ IPCLIB)=tz

③ Random midpoint
×wunifCD)

•

⇒ L=2FkT
x .

⇒ PCL? B) =4 .

@
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